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Abstract 

In this note we discuss the fundamental groups and diameters of 
positively Ricci curved n-manifolds. We use a method combining the 
results about equivarient Hausdorff convergence developed by Fukaya 
and Yamaguchi with the Ricci version of splitting theorem by Cheeger 
and Colding to give new information on the topology of compact man- 
ifolds with positive Ricci curvature. Moreover, we also obtain a weak 
Margulis's lemma for manifolds under a lower Ricci curvature bound. 

1 Introduction 

This paper concerns about the obstruction problems for compact manifolds 
with positive Ricci curvature. In dimension 2, this problem is easy to un- 
derstand since only the projective plan RP 2 and the 2-sphere admit metrics 
with positive curvature. In dimension 3, Hamilton showed in [H] that a 
compact 3-manifold with positive Ricci curvature also admits a metric with 
a constant sectional curvature of +1, and then is covered by the 3-sphere. 
In general, a classical result of Myers shows that the fundamental group of 
a compact positively Ricci curved manifold must be finite. Moreover, since 
SU (n) has positive Ricci curvature, any finite group will occur as the funda- 
mental group of some manifold with positive Ricci curvature. 

The problem 5 listed in Lecture Series 4 in [[P2], p. 105] states: Consider 
a compact positively Ricci curved manifold, what can be said about the fun- 
damental group depending only on the dimension n, except for the fact that 
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it is finite? In this paper, we give for this problem a partial answer, which 
was conjectured by the second-named author in [W]. On the other hand, 
we show that the diameter of the universal Riemannian covering space of a 
compact positively Ricci curved manifold M can not be too larger than that 
of M. The second-named author also conjectured this property for positively 
curved manifold. 

Theorem A. Given n > 2, there exist constants p n and C n depending only 
on n such that if a compact Riemannian n-manifold M n has the Ricci cur- 
vature RicM« > 0, then 

(a) the first betti number bi(M n , Z p ) with p-cyclic group coefficient Z p sat- 
isfies bi(M n , Zp) < n — 1 for all prime p > p n , and 

(b) the ratio of diameters satisfies 

diam(M n ) < 
where M n is the universal covering of M n . 

Remark 1.1. In view of the flat n-torus T n , one has bi(T n ,Z p ) = n for 
all prime p and the canonical Euclidean n-space R n is its universal cover- 
ing space. Hence our assumption for curvature is optimal. In fact, Fukaya 
and Yamaguchi give in [Corollary 0.9 in [FY1]] that if a compact Rieman- 
nian n-manifold M with sectional curvature Km and diameter diam(M) 
satieties KudiamiM) 2 > —e n for some constant e n depending only on n, 
then bi(M n , Z p ) < n for all p > p(n) and the maximal case bi(M n , Z p ) = n 
occurs only when M n is diffeomorphic to a torus. Also they obtained in 
[Corollary 0.11 in [FY1]] that diam(M) / diam(M) is uniformly bounded by 
a constant depending only on n provided the fundamental group tti(M) is 
additionally finite. Theorem A extends their results to manifolds with posi- 
tive Ricci curvature. Note that if n < 3 and Ricu > 0, then it is covered by 
spheres as discussed above. Hence our Theorem A holds for these manifolds. 

Remark 1.2. Here is an application of Theorem A. It is well-known that 
every finite group G can be the fundamental group of a compact 4-manifold. 
If we take G = S m to be the permutation group of m elements and consider 
the 4-manifolds with fundamental group S m , then admits no metric 
with positive Ricci curvature for large m. 
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From the argument in the proof of Theorem A, we have the following 
weak Margulis's lemma under a lower Ricci curvature bound. Recall that 
the length of polycyclicity of a solvable group G is the smallest integer m for 
which G admits a filtration 

{e} = G m c G m _! c . . . c Gi c G = G 

such that each Gj/Gj_i is cyclic. 

Theorem B (A weak Margulis's Lemma). There exists a positive num- 
ber 5 n depending only on n and satisfying the following: Let (M n ,p) be a 
complete pointed Riemannian n-manifold with Ricm™ > — (n — 1). Then 
there exists a point p' e B p (l/2) such that the image of the inclusion homo- 
morphism 

V = ImimiB^)) - 7^(5,(1))] 

admits a subgroup A' C V with 

(1) [r' : A'] < w n , where w n depends only on n; 

(2) A' is solvable with length of polycyclicity < n. 

In particular, if a complete Riemannian n-manifold M has RicMdiam(M) 2 > 
—(n — l)S n , then 7Ti(M) is almost solvable. That is, ni(M) contains a solv- 
able subgroup of finite index. 

Remark 1.4. Gromov conjectured in [G] that there is a positive num- 
ber e n depending only on n such that if a compact Riemannian n-manifold 
with almost nonnegative Ricci curvature RicudiamiM) 2 > —e n , then ni(M) 
is almost nilpotent. Fukaya and Yamaguchi showed in [FY1] that Gromov's 
conjecture is true under the condition KudiamiM^) 2 > —e n . By taking a 
solvable subgroup in place of a nilpotent subgroup, they gave a generalized 
Margulis's lemma in [Theorem A2.1 in [FY1]]. In [FY1], it was suggested 
that in order to extend the Margulis's lemma to Ricci case, it "only" need 
to establish splitting theorem and volume convergence theorem under almost 
nonnegative Ricci curvature bound. However, this is not enough to extend 
Fukaya and Yamaguchi's result to Ricci case by using the original arguments 
since their argument depends mainly on the existence of a fibration with 
the property of almost Riemannian submersion, and it is not true in gen- 
eral that one can construct such a fibration under a lower Ricci curvature 
bound. Therefore, the techniques of Fukaya and Yamaguchi cannot carry 
over directly to the manifolds with a lower Ricci curvature bound. 



3 



In our approach, we need to work harder on the induction steps and prove 
a Technical lemma 3.1 in section 3, which is weaker than the original one in 
[Theorem 7.1 in [FY1]]. Indeed, we are not able to obtain the Margulis' 
lemma under a lower Ricci curvature bound. We can only obtain a weaker 
version of the Margulis' lemma for only " one point " in the Riemannian 
manifold under consideration. This is sufficient for us to prove the solvabil- 
ity theorem for almost nonnegatively Ricci curved manifolds. Though we are 
still unable to obtain the nilpotency result, Theorem B confirms, in some 
sense, the almost solvability version of Gromov's conjecture. 

The remainder of this paper is divided into four sections: In section 2, we 
mention the main tools including the theory of pointed equivarient conver- 
gence and the splitting theorems for our proof of Theorem A and Theorem B. 
Especially, we establish Corollary 2.6 by combining the above two tools. In 
section 3, we prove a Technical lemma, which extends the solvability theorem 
in [Theorem 7.1 in [FY1]]. In section 4, we give a proof of Theorem B by 
using the Technical lemma. Then Theorem A can be proved in section 5 by 
Theorem B. 

2 Equivariant Pointed Hausdorff Convergence 
and the Splitting Theorem 

We first recall the notion about the equivariant pointed Hausdorff conver- 
gence in [3]. Let Ai be the set of all isometry classes of pointed metric spaces 
(X, p) such that, for each D > 0, the ball B p (D) around p with radius D is 
relatively compact and such that X is a length space. Denote A4 eq the set of 
triples (X, where (X,p) E M and T is a closed subgroup of isometries 

of X. Put T(D) = {7 e T | d(-f P ,p) < D}. 

Definition 2.1. Let (X,T,p), (Y,G,q) G M. eq . An e- equivariant pointed 
Hausdorff approximation is a triple (f,(f>,ip) of maps / : B p (l/e) — > Y, 
: r(l/e) -> G(l/e) and V : G(l/e) -> r(l/e) such that 

(2.1.1) f(p) = q; ' 

(2.1.2) the e-neighborhood of f(B p (l/e)) contains B q (l/e); 

(2.1.3) if x y e B p (l/e), then | d(f(x), f(y)) - d(x, y) \< e; 
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(2.1.4) if 7 e r(l/e), x G B p (l/e), 72; G B p (l/e), then 

d(/( 7 x),0( 7 )(/(x))<£; 

(2.1.5) if A G G(l/e), x G B p (l/e), ip(v)(x) G B p (l/e), then 

d(fU,(jj.)(x)),nf(x))<e. 
Hereafter the notion linij^ 00 (Xj, Gj, ajj) = (Y, G, y) means 

, where d e n denotes the the equivariant pointed Hausdorff distance. For the 
sake of brief, we also denote d e n to be dn in the remainder of this paper. 

The following theorem comes from [Proposition 3.6 in [FY1]]. 

Theorem 2.2. Let (X^F^Pi) G Ai eq , (Y,q) G M.. Suppose that limj_» 00 (Xj,pj) = 
(Y, q). Then G and a subsequence ki can be found such that (Y, G, q) G Ai eg 
and lim i _ >00 (X A . i ,r fci ,p A . i ) = (Y,G,q). 

The following theorem is shown in [Theorem 4.2 in [FY2]] by Fukaya and 
Yamaguchi. Its proof can be found in [Appendix A.l in [FY1]]. 

Theorem 2.3. Let (X h F i: pi), (Y, G, q) G M eq be such that lim i ^ 00 (Xj, F i: pi) = 
(Y,G,q), and G' be a normal subgroup ofG. Assume that 

(2.3.1) G/G' is discrete. 

(2.3.2) Y/G is compact. 

(2.3.3) Fi is discrete and free and Xi is simply connected. 

(2.3.4) G' is generated by G'(Rq) for some Rq > 0. 

Then there exists a sequence of normal subgroups F^ of F such that 

(2.3.5) lmw.pQ,^) = (Y,G',q). 

(2.3.6) Fi/F'i is isometric to G/G' for sufficiently large i. 

(2.3.7) G/G' is finitely presented. 

(2.3.8) F[ is generated by r^(_R + £ i) f or some £j — > 

The next result due to Cheeger and Colding shows in [Theorem 6.64 in 
[CC1]] that the limit space of a sequence of complete pointed-Riemannian 
n-manifolds with almost nonnegative Ricci curvature will split provided that 
it contains a line. 
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Theorem 2.4. Let (M™, Pi ) be a sequence of complete pointed- Riemannian 
n-manifolds. Denote B Pi (Ri) be the open Ri-ball in M™ around pi and Ri — > 
oo as i — > oo. Zet (X,^) G .M mt/i limj^ 00 (_B Pi = (X,^). .Sup- 
pose RicB p .(R t ) > — ef , where q — > as i — > oo, anc? X contains a line. Then 
X splits, isometrically, X = R x X'. 

Combine Theorem 2.2 with Theorem 2.4, one can extend straightforward, 
as in [Corollary 5.3 and Theorem 5.4 in [FY1]], to Corollary 2.5 and Corol- 
lary 2.6 respectively. Corollary 2.6 is especially important for the proof of 
our main result. 

Corollary 2.5. Let (M^pi), B p .(Rj) and (X, Poo ) be as in Theorem 2.4- Sup- 
pose Gi is a closed subgroup of Isom(B p .(R i )) such that diam(B Pi (Ri) / Gi) < 
D for some constant D. Then there exists a subsequence fc, that 

\im(B Pk XR ki ),G ki , Pki ) = {R e x Y,G, Poo ) 

, where Y is a compact metric space and G is a closed subgroup of Isom(R e x 
Y) with i<n. 

Corollary 2.6. Let (Mi,pi) be a sequence of complete pointed- Riemannian 
n-manifolds with RicMi > —(n — 1)- Suppose lim i ^ 00 (Mj,pj) = (X, Poo), 
where (X, Poo ) G M.. Then for every x G X there exists sequences yi G X , 
qi G Mj and — > oo as « — > oo suca iaai 

(2.6.1) 2/j — > x ; 5, — * rr as « — > oo, 

(2.6.2) lim i ^ 00 ((X, r^dx), y,) = (R k , can, 0) = lim^ 00 ((M i , r^), ft), 

(2.6.3) k <n, 

where dx and g; t are the original metric of X and Mi respectively. 

Remark 2.7 As in the proof of [Theorem 5.4 in [FY1]], Corollary 2.6 can 
be proved by blowing up the metrics at most finite times and using Theorem 
2.4. Note that for a given convergent sequence Si — > one can always find a 
sequence r\ — > oo in Corollary 2.6 such that r^i — > 0. 

Let Y be a compact metric space and G a closed subgroup of Isom(R e x 
Y). Since G preserves the splitting R e x Y, the projection <f> : G —> Isom(R e ) 
is well defined. The following theorem was shown in [Lemma 6.1 in [FY1]]. 
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Theorem 2.8. For each e > there exists a normal subgroup G £ of G 
such that 

(2.8.1) G/G £ is discrete; 

(2.8.2) there exists an exact sequence 1 — > G £ — > G — > A — > 1, 

where A contains a finite-index free abelian subgroup of rank not greater than 
dim(R?/<j)(G)); 

(2.8.3) for every g G G £ and every x G R e x F t/iere ezisis g±, . . . , g s £ G £ 
satisfying 

(i) g = g a ...gi, 

(ii) d(g i g i _ 1 . ..g 1 {x),g i - 1 . . .£i(a;)) < e for all I < i < s. 

The group G e was constructed in [FY1] as follows: Let X = Ker(<j)), 
which acts on Y. Set K £ = {g G K \ d(g(x),x) < e\/x G Y}. Let be 
the group generated by K £ . Since K £ is normal in G, the natural projection 
7T : G -»• G/K e is defined. Define G e = ^{{G / K £ ) Q ) , where (G/if e ) 
denotes the identity component of G/K £ . 

Remark 2.9. If the limit space Y is an Alexandrov space, then Fukaya 
and Yamaguchi showed in [FY2] that Isom(Y) is in fact a Lie group. Thus 
G is a Lie group and one can take G as G £ for every e. On the other 
hand, Cheeger and Colding announced a result that if Ricu n > _ (n — 1) 
and V ol(B p .{l)) > v > for all i and all Pi G Mj, then the isometry group of 
the limit space is a Lie group. Note that the construction of G t in Theorem 
2.8 is independent of curvature and volume. 



3 A Technical Lemma 

The following Technical lemma plays a very important role in our approach 
to prove Theorem A and Theorem B, and it has its own interest for investi- 
gating manifolds with lower Ricci curvature bounds. It can be viewed as a 
weak Ricci version of [Theorem 7.1 in [FY1]]. 

Technical Lemma 3.1. For given positive integers n and k, n > k and 

a positive number /i , there exists positive numbers e = e nt k(fJ>o), w = w Ht k 
and a function r(e) = r n) fc )Mo (e) with lim^o r ( e ) = such that if (M n ,p) and 
(N k , q) are pointed- Riemannian manifolds of dimension n and k respectively 



7 



such that 

(3.1.1) Ricm > —(n — 1), Ricjy > —(n — 1) and inj(N) > p > 0, 

(3.1.2) d GH ({M,p),{N,q))<e, 

where dcH denotes the Gromov-Hausdorff distance, then there exists a map 
f : M — > N with f(p) = q satisfying the following: 

(3.1.3) f is a continuous r(e)-Hausdorff approximation such that f* : iii(M,p) 
iii (N, q) is surjective; 

(3.1.4) Let V = B q (f) be the ball around q with radius f. Set U = f-\V). 
Then there is a normal subgroup H of the fundamental group T = tti(U) of 
U such that 

(i) H is a solvable subgroup ofT with length of polycyclicity < n — k, 

(ii) ! ://;< //•„./,. 

Remark 3.2. Recently, Sormani and Wei considered in [SW] the group 
Tti(Y) of deck transforms of the universal cover Y of the Gromov-Hausdorff 
limit of compact manifolds {M™} with RicM n > (n—l)H and diam{M™) < D 
for some H E R and D > 0. They showed that for hq sufficient large de- 
pending on Y, there is a surjective homeomorphism $j : 7Ti(Mj) — > Tti(Y), for 
i > no- In Technical Lemma 3.1, we consider Gromov-Hausdorff convergence 
to LGC(p)-space to obtain a similar result. 

We divided the proof of Technical lemma 3.1 into the following two parts. 
The first part shows the existence of the map / satisfying (3.1.3). 

Proof of (3.1.3). The construction of such a Hausdorff approximation 
/ depends heavily on the assumption that inj q (N) > /j, . We say a function 
p : [0, r) — > [0, oo) to be a contractibility function provided: (i) p(0) = 0, (ii) 
p( e ) > e, (hi) p(e) -> as e ^ 0, (iv) p is non-decreasing. Then a metric 
space X is said to be an LGC(p)-space with a contractibility function p if for 
every e G [0, r] and rr G X the ball S x (e) is contractible inside B x (p(e)). Since 
inj q (N) > p > 0, (N,q) is an LGC(p)-space with contractibility function 
p(s) = s defined in [0,p /2]. 

Choose e be such that 8(n + 3) 2 e < p . Since doH((M,p), (N, q)) < e, we 
fix a metric d on the disjoint union space MHiV such that d((M,p), (N, q)) < 
e. For each x G M one can define a map /i : M — > iV such that /i(x) is a 
point in N with d(h(x),x) < e. Thus the triangle inequality gives that /i is 
4e-continuous (cf. [PI]). Hence by [Main obstruction result 3 in [PI]] there 
is a continuous map / : M — > iV with d(h(x), f(x)) < (n + 2)e for all x G M. 
Take r(e) = 4(n + 3)e. It is not difficult to check that / : M — > N is an 
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r(e)-Hausdorff approximation with lim e ^ r ( e ) — 0. Moreover, from [Corol- 
lary 4.6 in [PI]] and the second-named author's argument in [W] we have 
the induced map /* : ni(M,p) — > ni(N,q) is surjective and hence (3.1.3) is 
established. □ 

The proof of (3.1.4) is basically along the line of Fukaya and Yamaguchi's 
proof in [Theorem 7.1 in [FY1]]. Here we will point out how the original 
process can work under our settings. For the sake of brief, we say a group 
has property (*) if there is a subgroup satisfying (i) and (ii) in (3.1.4). 

Proof of (3.1.4). This proof is done by induction on dimiV and by con- 
tradiction. When dimiV = n, by [Theorem Al.12 in [CC2]], we can choose 
e small enough such that there is a diffeomorphism from (M n ,p) to (N n , q), 
which we take as /. Since 7Ti(V) is trivial, T is also trivial and the theorem 
holds in this case. Now we suppose (3.1.4) holds for k < dimiV < n with 
fixed k but not hold for dim N = k. Then for sequences e, — > and W{ — > oo 
as % — > oo, there exists sequences (M",pj) and (N^,qi) satisfying (3.1.1) and 
(3.1.2) but no map (Mj,pj) — > (A^,^) satisfies (3.1.4) for e = q and w = Wi 
simultaneously. Note that when i large enough we always have a continuous 
r(ej)-Hausdorff approximation map fi : Mj — > AT, with fi{pi) = q%. 

Let Vi = B qi {^\ Ui = /j~ 1 (Vi) and Tj = ni(Ui) be defined as above. In 
order to use the induction hypothesis, we need to blow-up the metrics as the 
technique shown in [FY1]. However, since fi is only a continuous map in our 
case, we consider a scaling of metrics as follows. Since dim(M") > dim(iVf), 
there exists q\ G BgX 1 ^-) such that diam(f~ 1 (q' i )) > 0. Let p\ G f ^ {<![)■ 
Then it can be shown that 

d H {{M^p' i ),{Ntq' i ))<2r{e i ). 

Indeed, since d,H((M£,pi), (N^,qi)) < e, there exist ej-pointed Hausdorff 
approximations hi and hi such that the map fi is induced by hi as in the 
proof of (3.1.3) and hi(pi) = q u hi{qi) = Pi, hi(B Pi (j-)) Q B qi (j. + e,) and 

hi(B q .(j:)) C B Pi (j- + €i). Moreover, <Z(pi,pJ) < fr(ei) since f { is a r(ci)- 
Hausdorff approximation. Note that < ^ and then for x G ^( 2r ( e .) ) we 
have 

rf(/ii(x),g-) < d{hi(x),hi{pi)) +d(q i ,q' i ) 
< d(x,pi) + 2ej + g-) 
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< d(x, Pi) + d(pi, p'i) + d(q h q[) + 2e t 

< ^-) + 2T(t ' } 

Thus h i {Bp'.{ 2T l ^_' ) )) C B q i.{-^p^ + 2r(ej)). Similarly, we can show that 
HB^^)) C 5^(^ + 2^)) and then d H {{M^p' t ), (JV* g0) < 2r(e,). 
Therefore, for the sake of brief, we can assume the map /; : M" — > JV* with 
fi(Pi) — Qi satisfying the condition as in (3.1.3)and diam(ff 1 (qi)) > for i 
large enough. 

For each i denote Si = sup{d(x, y)\x, y G /T 1 (<?«)} Then Si — > as i — > oo. 
Blow-up the original metrics and of Mj and JVj respectively by 

ft = Y9M t and h { = ]rg Nl . 
Si Si 

Then, by taking a subsequence if necessary, ((V*, /ij), converges to (R k , can, 0) 
since Ric^ i > —{n — 1) and inj qi (Ni) > fi . Assume ((£/$, gi),Pi) converges 
to a pointed metric space (X,xq). Moreover, we have that the sequence 
is an almost equicontinuous family and convergent. 

Sublemma 3.3. f\ converges to a continuous map f :X -> R k with 

(3.3.1) For every x, ye R k , d(f-\x),f-\y)) = d(x,y). 

(3.3.2) For every x' G f~ x {x) there exists a point y' G such that 
d(x',y') = d(x,y). 

(3.3.3) f(x ) =0. 

Proof of Sublemma 3.3. We may assume that r(e,) decreases mono- 
tonically to 0. Fix i and choose r) io = |r(ej ). Then given n > r) io we have 
d(fi(xi),fi(yi)) < i] for all Xi,y { G Ui provided d(x u yi) < |r(ej) and i > i . 
Take a dense subset Ai = {a\, a\, . . .} C C/j with a*- — > aj G X. Then the set 
A = {aj} c *L l C X is also dense in X . By use of the diagonal process, the 
map / : A — > R k defined by f(ctj) = lim^oo /i(a*-) is well-defined. Moreover, 
by taking i — > oo, we have {/(%)} is a Cauchy sequence and hence / is 
uniformly continuous from X to R k . Clearly / satisfies equations (3.3.1)- 
(3.3.3). □ 

From Theorem 2.4 and (3.3.1)-(3.3.3), we apply [Lemma 7.4 and 7.5 in 
[FY1]] to conclude that X is isometric to a product R k x Z, where Z is 
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compact and not a single point, and the map / : R k xZ-» R k is in fact the 
projection. 

Let B k (ro) denote the metric ro-ball in R k around the origin. Denote 
Ui{r ) = f-\B qi {r )), where B qi (r ) C (N h h t ). Then 

(3.4) lim Ui(r ) = B k (r ) x Z. 

Let do be the distance of B k (r ) x Z. By Corollary 2.6, one can find sequences 
Uj G B k (r Q ) x Z and r,j — > oo as j — > oo such that 

(3.5) lim(( J B fc (r ) x Z,r^ ),%) = ((# m , can), 0)) 

, where m > k since Z is not one point. Now combining (3.4) and (3.5) 
together, it is not difficult to conclude that for given e > there are io, jo 
and pi G Ui(r ) such that for i > i we have 

(3.6) d H ((U l (ro),r J0 g t ),p, i ),((R m ,can),0)) < e. 

Therefore by induction hypothesis, we have, for % large enough, a map : 
(Ui(ro),rj gi),Pi) — > ((R m , can), 0) such that $j is a r(e)-Hausdorff approxi- 
mation and the fundamental group 7Ti(<l>~ 1 (i? m (^))) satisfying property (*) 
for w = w ntm . 

Let Viipi^o) = Im[u : 7r 1 (^- 1 (B m (f))) -> tti (!/<)] be the image of the 
induced map of the inclusion map i : $^ 1 (i? m ( i | 1 )) — > C/j. Then Tj^j, u ) 
has naturally the property (*). 

Let (Ui,g~i,pi) be the universal Riemannian covering space of (Ui,gi,pi) 
with covering map IL : (U h g h pi) -> (U h g h pi). Then Tj = ■Ki{U i ,p i ) is the 
deck transformation group. By taking a subsequence if necessary, we may 
assume that there exists a triple (W, G, Poo) G .M eg such that 

(3.7) lim(C/,,r i ,p i ) = (W, Gjpoo), 



(3.8) Ilj converges to a map : — > x Z. 

Since Iloo also satisfies (3.3.1) and (3.3.2), by Theorem 2.4 and Corollary 2.5 
we have W is isometric to R k x W' and W is isometric to (R x Y), where 
Y is a compact metric space. 

Let Ui(r ) = n-^C/^ro)). Then 

(3.9) lim(^(r ),r i ,p l ) = (B k (r ) x R l x Y, G,Poo) 
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Apply Theorem 2.8, we have for each e > a normal subgroup G £ of G 
such that (2.8.1)-(2.8.3) hold. Therefore, Theorem 2.3 gives a sequence of 
normal subgroups 1^ of Tj with 

(3.10) lim(^(r ),r ii£ ,p i ) = (B k (r ) x R e x ^G^), and 



(3.ii) ryrv = g/g £ 

for each sufficiently large i. 

Now we investigate the relationship between T it£ and r^rr, e) for some 
e > 0. 

Sublemma 3.12. For every x G Ui(r ), F i>e C ^(rr, 3e) /or i large enough. 
Proof of Sublemma 3.12. Let be the equivarient pointed Hausdorff 
distance between (Ui(r ), r ij£ ,pi) and (B k (r ) x R e xY, G £ , q). To prove this 
lemma, we shall show that, for i sufficiently large, each element 7 G T it£ 
can be generated by geodesic loops at x of length less than Ct { + e, where 
C = C{G,e) >0. 

As in Definition 2.1, let ^ : (^(r ), r\ £ ,p;) -> (fl^ro) x ^ x F,G £ ,g) 
be a Tj-Hausdorff approximation and let Xi : Tj i£ (^-) — > G e (^-), : G £ (^) — > 

ri, e (^r) be the corresponding maps. Note that we can take a point x & Mi 
over x such that d(x,pi) is uniformly bounded, say 2r . By (2.3.8) we may 
assume the length of 7 is uniformly bounded by a constant. Hence we can 
assume 7 = f° r eacn sufficiently large i. By (2.8.3) there are 71, . . . , 7~ s G 
G £ such that 



(3.12.1) 7 = 7s7 s _i . . .71, 

(3.12.2) d(7j7j-i • • • 7i (¥>(&))» 7j-i • • • 7i < e, for 1 < j < s. 

For each j we put 7j = A£(tj). Then 7 has the expression 7 = "y s ■ ■ ■ lids ■ ■ ■ 7i)~ 1 7- 
and therefore, 

(3.12.3) <*(7j7j-i • • • 7i(5), 7i-i • • • 7i(z)) < 2(j + l)r, + e 

(3.12.4) d(7(x),7 ( ,... 7l (x)<2(s + l)r i . 
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Note that s depends on G, e and /i . Then the sublemma holds. □ 

Up to now we know that has a subgroup H i tM0 with the property 
(*). Then we can apply the argument in [[FY1], p. 288 and p. 289] to con- 
clude that 7Ti([/j) has a subgroup H with property (*) for i large enough. It 
contradicts to our assumption. Hence we have, for dimiV = k, there exist 
^n,k(^o), Wn,k and a map fi : — > such that (3.1.3) and (3.1.4) hold 
under the assumption of (3.1.1) and (3.1.2). Thus, by induction we finish 
the proof of the Technical Lemma 3.1.D 



4 A weak Margulis's Lemma 

In this section we will give a proof of Theorem B. First, by Technical lemma 
3.1, we have the following lemma. 

Lemma 4.1. For given integer n and k with n> k there exist 5 n ^, and 
w nt k depending only on n and k satisfying the following: Let (M",pj) be a 
sequence of complete pointed Riemannian n-manif old with RicM n > — (n — 1)- 
Suppose (Ml 1 , converges to a metric space (X,poo) of dimension k in the 
pointed H aus dor ff convergence. Then there exist p\ G B Pi (l/2) such that, for 

5 < &n,k and i > In,k, the image of the inclusion homomorphism 

V = Im^B^S)) -> 7n(S w (l))] 

admits a subgroup A' C V with 

(4.1.1) [r' : A'] < w ntk ; 

(4.1.2) A' is solvable with length of polycyclicity< n — k. 

Proof of Lemma 4.1. We prove it by contradiction. Assume that there 
exit 5i — > 0, Wi — > oo and Mj with RicMi > — (n — 1) satisfying the following: 
For each p\ G B Pi (l/2) and each J > 0, there exists an i > 7 such that 

H = Im^B^)) -> 7n(S w (l))] 

never admit a subgroup with properties (4.1.1) and (4.1.2) in Lemma 4.1 for 

W = Wi. 

By Corollary 2.6 there are sequences q[ G B Pi (l/2) and r; — > oo such that 
limj_ >0O ((Mj, r^j), 50 = (R m ,can, 0), where m > k = dim(X). Note that 
the sequence can be chosen so that r^i — > as « — > oo. By Technical 
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lemma 3.1, there exist an i large enough and a Hausdorff approximation 
f io : (M",g- o ) — > (R k ,0) with fi (q' io ) = so that the fundamental group 
T" o = 7ri(/^ 1 (_B fc (10))) admits a subgroup A" o C r" o satisfying properties 
(4.1.1) and (4.1.2) of Lemma 4.1 for w n ^ independent of i. By r^j — > 0, one 
has 

C Im[T': -> 7Ti(Afj )]. 

Then T- o admits a subgroup A- o satisfying properties (4.1.1) and (4.1.2) of 
Lemma 4.1. This is a contradiction. □ 

Proof of Theorem B. Now we give a proof of Theorem B. For given a 
divergent sequence r\ — > oo there exists a metric space (X, p^) of dimension 
/c < n such that ((M n ,rig M ),p) converges to (X,^). By Lemma 4.1 choose 
5 n = min < fc < n 5 n> k and w n = max < fc < n w n fe and then Theorem B holds. □ 

Remark 4.2. Consider a compact Riemannian n-manifold M n with Ricu n > 
0. Scaling the metric of M so that diam(M) < 4f and we still have Ricm > 0. 
Then we can conclude that the fundamental group 7i~i(M) of M admits a sub- 
group H such that 

(4.2.1) H is solvable with length of polycyclicity < n; 

(4.2.2) [H-.n^M)] < w n . 

In the next section, we will use this result to give a proof of Theorem A. 



5 Proof of Theorem A 

Now we are in a position to prove Theorem A. We divide the proof into the 
proof of part (a) and part (b) and follow similar methods in the proofs of 
[Corollary 7.20 in [FY1], p.289] and [Corollary 0.11 in [FY1], p.290 and 
p. 291] respectively. However, we extend their results to manifolds with pos- 
itive Ricci curvature. 

Proof of (a). Let M n be a compact Riemannian n-manifold with Ric > 0. 
By Remark 4.2, the fundamental group ir^M) of M admits a subgroup H sat- 
isfying (4.2.1) and (4.2.2) and then &i(M, Z p ) < n for all prime p> w n = p n . 
Here we give a proof that the maximal case can never occur. 

Our proof is by contradiction. We use the same notations as in the proof 
of Technical Lemma 3.1 and consider the case when k = 0. Then we have 
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Ui = Mi, Ui = Mi and 

(R e xY)/G = Z. 

by (3.4), (3.7), (3.8) and (3.9). Therefore, R e /<p(G) is a compact, where the 
projection : G — > Isom(R e ) is defined as in Theorem 2.8. By [Corollary 4.2 
in [FY1], p. 273], the generalized Bieberbach's theorem, there is a finite-index 
normal subgroup G' of <p(G) such that R e /G' is a flat s-torus T s . Moreover, 
by Theorem 2.3, we put a finite-index normal subgroup Tj of Tj = 7Ti(M) 
converging to </> _1 (G'). Thus the compact manifold Mj = Mj/r, converges to 
T s . Note that Ric^. > and Mj is also a covering space of M. Then 7Ti(Mj) 
is a subgroup of 7Ti(Mj). Use (3.1.3) we have a surjection between 7Ti(Mj) 
and 7Ti(T s ) for i large enough. Thus iri(M) has infinite order and it contra- 
dicts to 7Ti(M) is finite. Hence b±(M, Z p ) < n — 1 for all prime p > w n = 

Proof of (b). We also prove it by contradiction. Suppose there exists a 
sequence of Riemannian manifolds Mj with Ricm, > 0, and universal Rie- 
mannian covering M; with, 

diam(Mi) 
lim — — — = oo. 

i^oo dtam{Mi) 

By scaling the metric, we may assume diam(Mi) = 1 for all i. Then there 
is a sequence q with lim^oo q = such that diam(Mi) < e«. Note that for 
each i 7Ti(Mj) admits a subgroup ifj satisfying (4.2.1) and (4.2.2). 

Define if? = ifj, if/ = [if/ -1 , if/ -1 ], the commutator of if/ -1 , and then 
iff = 0. Choose p« G IT -1 (pj). Since diam(Mi/ H{) < 1 for all i and j, 
Corollary 2.5 implies there exists a triple (X,Gj,Xo) such that 

lim (A^, if/, ^) = (X,Gj,x ) 

for each < j < n. Note that G acts on X transitively. Take a number j 
such that X/Gj -i is a point and X/Gj Q is not a point. 
Now we put 

Mi = Mi/ H{ , A, = Hi°/Hi°-\ 

Let p~i G Mj be the point corresponding to pi. By Corollary 2.6 and repeating 
the blow-up arguments (at most finite times), we may assume (Mi, pi) con- 
verges to (R e , 0) for some £ > 0. Let A be the group such that limi^ 00 (Mj, Aj, pi) = 
(R e ,A,0). Then the abelian group A acts on R e transitively and, in fact, A 
is just the vector group R e . 
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Now we also use the pseudogroup technique as in [Y] . Let 

Ai = { 7 eA i |d( 7 (p i ),p i )<10O. 

Consider B e (10£) C -R^ and A- as the pseudogroups of isometric embeddings 
of B^lOi) to B £ (20£) and to B Pi (20£) in M< respectively. Consider 

the lattice 

and take 7l ., . . . , 7 ^. e such that 7 ,- i converges to ej G E^, where e±, . . . , et 
are the canonical basis of Z . We denote by Ei the pseudogroup of A^ 
generated by 7l .,..., 7 ^.. Since Ei is abelian, (Bp.(10£), Ej) converges to 
(^(lOf),^). It follows that Mi = B ft (lW)/£* converges to the flat torus 
T e = B e (10£)/E oo with respect to the Hausdorff distance. Note that, as in 
the proof of part (a), Ric^. > and Mj is also a covering of M, L . Again 
(3.1.3), there is a surjection from 7Ti(Mj) to n\{T l ) for % large enough and 
then the group n\{Mj) has infinite order. Thus 7Ti(Mj) also has infinite order 
and this is a contradiction. Therefore we complete the proof. □ 
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